We present a microscopic theory for dynamic friction on an intramolecular vibrational coordinate of a diatomic molecule dissolved in a simple liquid. Previous theoretical approaches to calculating dynamic friction have either used molecular hydrodynamics or employed a concept of instantaneous normal modes. Both methods have their limitations: molecular hydrodynamics is unable to correctly describe the dynamics on short time or length scales, while the instantaneous normal modes approach can be expected to work at short times only. We apply the theoretical formalism developed by us earlier to describe self-diffusion in liquids ͓M. Vergeles and G. Szamel, J. Chem. Phys. 110, 3009 ͑1999͔͒ to the calculation of dynamic friction. We begin by deriving an equation of motion for the phase space probability distribution of the diatomic molecule. From it we obtain an equation for the bond velocity autocorrelation function. This equation has the same form as the one obtained from the generalized Langevin equation, which allows us to identify the dynamic friction kernel. Our predictions quantitatively agree with the results of molecular dynamics ͑MD͒ simulations.
I. INTRODUCTION
The generalized Langevin equation ͑GLE͒, ẍ ϭϪ ‫ץ‬W͑x͒ ‫ץ‬x
is a powerful method to study the intramolecular dynamics of solutes in liquids. 1,2 According to this equation, the intramolecular coordinate x of reduced mass moves under the influence of a mean force, Ϫ‫ץ‬W(x)/‫ץ‬x, where W(x) is the potential of mean force. Furthermore, the intramolecular motion is slowed down due to solvent friction, represented by the second term at the right-hand side of Eq. ͑1͒. In this term, (t) denotes the dynamic, or time-dependent, solvent friction. Finally, solvent fluctuations give rise to the fluctuating force F(t). The fluctuating force is intimately connected to dynamic friction via the fluctuation-dissipation theorem,
where k B is the Boltzmann constant and T is the temperature.
The GLE can be derived using the Mori-Zwanzig projection operator technique.
3 However, such a derivation is a purely formal exercise and does not lead to an explicit prescription that allows one to calculate dynamic friction. In principle, it is possible to arrive at such a prescription by combining the projection operator technique with further approximations like, e.g., truncation of a continuous fraction representation of the friction kernel. To the best of our knowledge, such a scheme has not explicitly been implemented.
The main advantage of the projection operator approach turns out to be a derivation of the connection between the dynamic friction and the force on the rigid bond: 4 for an harmonic diatomic molecule, in the limit of infinite vibrational frequency, the dynamic friction is equal to the autocorrelation function of the solvent force on the rigid bond ͑up to trivial factors like k B T). This fact, combined with an empirical observation that the dynamic friction is almost independent of the vibrational frequency, allows one to obtain the dynamic friction from molecular dynamics ͑MD͒ simulations. Detailed simulational studies of dynamic friction have been performed by Berne and collaborators.
1,2,4,5 Here we will mention two important qualitative results from these studies. First, the dynamic friction on an intramolecular bond is, within a bond-length-dependent factor of order one, equal to the dynamic friction acting on a diffusing particle. 4 Second, the differences between these two dynamic frictions are systematic and reflect the structure of the liquid. 5 Studied as a function of the equilibrium bond length, the bond friction shows pronounced oscillations that are an unmistakable reflection of the structure of the solvation shells. More precisely, the oscillations show the degree with which the diatomic molecule perturbs the structure of the solvation shells in a liquid. Obviously, the dynamic friction on the diffusing particle does not show such a structure.
An important caveat on the projection operator derivation of GLE is that such a derivation does not give explicit formulae for higher order moments of the random force. To rectify this fact it is usually assumed that the random force is a Gaussian stochastic process. Berne and Tuckerman 2 showed that this assumption is quite reasonable, except at short times.
In this work we adopt a different approach to intramolecular dynamics. First, we note that the experimentally ͑or simulationally͒ accessible observables can be expressed in terms of time-dependent correlation functions ͑e.g., the bond velocity autocorrelation function͒ or the dynamic friction and its Fourier transform. Therefore, rather than attempting to derive GLE, we derive here an equation of motion for the bond velocity autocorrelation function. We show that this equation of motion has the same form as that derived from GLE. This allows us to identify the dynamic friction.
We consider here a diatomic molecule with an harmonic intramolecular potential. In this case GLE has the following form:
where the intramolecular coordinate x is the instantaneous bond length, ͗x͘ eq is its average ͑equilibrium͒ value, and is the vibrational frequency, 2 ϭk B T/͗␦x 2 ͘ eq , with ␦xϭx Ϫ͗x͘ eq . Note that both the equilibrium bond length ͗x͘ eq and the frequency include potential of mean force effects and are different from their gas-phase values. GLE ͑3͒ leads to the following equation of motion for the bond velocity autocorrelation function C v (t)ϭ͗ẋ (t)ẋ (0)͘/͗ẋ 2 ͘,
where a new function K(t) is related to the dynamic friction
The function K is sometimes called the memory function. It should be emphasized that this name is a misnomer since K contains both intra-and intermolecular contributions, whereas, conceptually, the memory function describes the influence of the solvent on the diatomic molecule and thus should not include intramolecular terms. We start from a microscopic description of a diatomic molecule in a liquid solvent. We then derive an equation of motion for the phase space probability distribution of the diatomic molecule. We use this equation to derive an equation of motion for the bond velocity autocorrelation function and show that it can be written in the form of Eqs. ͑4͒ and ͑5͒. In this way we obtain a theoretical expression for the dynamic friction.
Previous theoretical attempts to calculate dynamic friction are few and far between. In an early work Metiu, Oxtoby, and Freed 6 used a molecular hydrodynamics approach. In such an approach, a solvent consisting of discrete particles is approximated by a continuum fluid. The dynamic friction is then calculated using equations of linearized hydrodynamics augmented to allow for the frequency dependence of the viscosities. In addition to using the molecular hydrodynamics approach, Metiu, Oxtoby, and Freed introduced another approximation: they neglected hydrodynamic interactions between the two atoms in the diatomic molecule. More recently, the molecular hydrodynamics approach was used by Mishra and Berne. 7 These authors introduced the frequency dependence of the viscosities in a way that was different from that of Metiu, Oxtoby, and Freed. Also, Mishra and Berne included hydrodynamic interactions between the atoms of the diatomic molecule. They compared the results of their study with computer simulation results for dynamic friction obtained by Berne et al. 4 Quantitatively, no agreement was found at high frequencies. This is probably connected with the fact that a molecular hydrodynamics approach cannot accurately describe dynamic friction at short times. In addition, Mishra and Berne studied the bond-length dependence of the dynamic friction. Using two different models for short and long bond lengths, they were able to account for some of the bond-length dependence of the dynamic friction. However, their approach did not reproduce the sharp upturn 5 of the friction at short bond lengths. Cukier, Kapral, and Mehaffey 8 used a kinetic-theorytype approach to calculate the dynamic friction. They obtained the qualitatively correct bond-length dependence. However, their theory is restricted to hard sphere potentials and therefore cannot be used for liquids with realistic intermolecular interactions.
Recently, the concept of instantaneous normal modes has been used to investigate dynamic friction. [9] [10] [11] [12] In this approach, the actual liquid state dynamics is replaced by a harmonic dynamics with a set of instantaneous frequencies. This approach works very well for short times but gives unphysical results for long times ͑note, however, that the instantaneous modes approach was developed primarily to describe the short time dynamics͒. In particular, the dynamic friction diverges to negative infinity.
We should also mention a related approach that uses optimized normal modes. 13 It gives qualitatively correct results for long times but does so at the expense of introducing a phenomenological damping function.
It should be emphasized here that the molecular hydrodynamics method uses as an input dynamical properties of the solvent. In contrast, our approach needs only the equilibrium ͑static͒ solvent properties. Furthermore, our dynamic friction, in addition to being exact at short times, is qualitatively correct at long times. Finally, we do not introduce any damping function nor do we rely on a phenomenological functional form of the friction kernel.
Our theory uses as an input certain equilibrium distribution functions. At present we are not aware of any method which will allow one to calculate these distribution functions analytically. Nevertheless, we have no doubt that at least one of many theoretical techniques developed for studying equilibrium properties of liquids can be extended to calculate them, thus making our theory a truly ab initio one.
The rest of the paper is organized as follows: in Secs. II-V we present our approach. The theoretical results are compared with MD simulations in Sec. VI. We close the paper with a short discussion.
II. THEORETICAL FORMALISM
We consider a homonuclear diatomic molecule ͑Fig. 1͒ dissolved in a simple liquid. The liquid consists of N identical spherically symmetric particles of unit mass interacting via a pairwise potential V(r). Interaction of the atoms of the diatomic molecule with the solvent atoms is given by the same potential V(r). The atoms comprising the diatomic molecule also have unit masses. They interact via an harmonic potential with a vibrational frequency 0 and an equilibrium separation x 0 ,
where ϭ1/2 is the reduced mass, and x is the instantaneous separation of the atoms of the diatomic molecule. In the presence of the solvent this potential should be replaced by the potential of mean force. If (xϪx 0 ) is small, then the potential of mean force can be approximated by an harmonic potential with the renormalized bond frequency and equilibrium separation ͗x͘ eq , where
2 ͘ eq . It should be emphasized that within our theory this ''renormalization'' of the intramolecular potential is included automatically and does not have to be introduced separately.
In this work we limit ourselves to the simplest case of a nonrotating diatomic molecule with the center of mass position fixed. The microscopic state of the molecule is therefore completely specified by xϭx A Ϫx B and vϭv A Ϫv B . Hereafter the labels A and B denote the two atoms of the molecule.
Following the theoretical formalism developed by us earlier for the self-diffusion problem, 14 we begin by introducing a set of distribution functions,
where ⌫ denotes positions and velocities of the bond and of all the liquid particles, ⌫ϵ(XϵX A ϪX B ,VϵV A ϪV B ; R 1 , . . . ,R N ;V 1 , . . . ,V N ), (t) is the time-dependent distribution function for the diatomic molecule and N liquid particles, F is the projection on the bond of the force exerted by the liquid particles on the diatomic molecule, and F i j ϭϪ‫ץ‬V(R i ϪR j )/‫ץ‬R i is the force acting on the particle i from the particle j. Thus f 1 (x,v,F;t) is the probability that the bond at a time t has a length x, the bond velocity is v, and the force on the bond coming from the solvent is F; f 2 (x,v,F,r 1 ,v 1 ;t) is the probability that the bond at a time t has a length x, the bond velocity is v, and the solvent force on the bond is F, and a liquid particle is located at r 1 , moving with a velocity v 1 . Other distributions f i (iу3) have a similar meaning. The time evolution of f i 's is described by an infinite hierarchy of equations that is similar to the one used by us in Ref. 14 
where diϵdr i dv i and
For the derivation of a similar hierarchy for the self-diffusion problem see Ref.
14. We start by rewriting Eqs. ͑8͒ and ͑9͒ in a way that is analogous to that used in kinetic theory.
14 To this end we introduce y 1 ϭ f 1 / f 1 eq and h i ϭ f i Ϫ f i eq y 1 , where f i eq represent f i at equilibrium. One should note here that h i represent dynamical correlations. 14 We first rewrite Eq. ͑8͒ and obtain ‫ץ‬y 1 ‫ץ‬t ϭL 0 y 1 ϩ 1
where
Next we rewrite Eq. ͑9͒ and obtain
͑18͒
H 3 represents all the ternary terms in Eqs. ͑14͒ and ͑17͒, i.e., terms involving simultaneous motion of the diatomic molecule and two solvent particles. It should be emphasized that H 3 includes, among other terms, the ternary dynamical correlations represented by h 3 . To describe the time evolution of these correlations we need 
Our closure approximation consists of neglecting the ternary terms in ͑17͒. This is essentially identical to the closure that we used for the self-diffusion problem.
14 As usual, the goal is to end up with two-body dynamics of some kind. Here the final result involves the coupled dynamics of the diatomic molecule and one liquid particle. Although our closure is exact at tϭ0, an a priori assessment of its overall accuracy is difficult ͑as usually is the case in kinetic theories͒. The accuracy of the approximations made can be estimated by comparing our theoretical predictions with exact results.
After dropping H 3 we are left with a system of two closed equations. We then formally solve ͑17͒ and substitute the solution into ͑14͒. In this way we obtain a single closed equation for y 1 ,
͑19͒
Equation ͑19͒ describes the time evolution of the phase space probability distribution of the diatomic molecule. It is the main formal result of the present work. In the two following sections we will introduce approximations we used to obtain from ͑19͒ an equation of motion for the bond velocity autocorrelation function.
III. MOMENT EXPANSION
In order to calculate the bond velocity autocorrelation function ͑VACF͒ C v (t),
we have to find a particular solution of Eq. ͑19͒ which at tϭ0 is equal to v. Hereafter this solution is denoted j(x,v,F;t), and thus the initial condition takes the following form:
j͑x,v,F;tϭ0 ͒ϭv. ͑21͒
After finding j, we take its first velocity moment to obtain VACF,
Let us note here that the self-diffusion problem, considered by us in Ref. 14, possessed translational invariance symmetry. Therefore, in Ref. 14 j and f 1 eq did not depend on x. The problem considered here, intramolecular motion, does not have translational invariance symmetry, and both j and f 1 eq have a nontrivial dependence on x. It follows from Eqs. ͑19͒-͑22͒ that
with 2 being the renormalized bond frequency,
and
where ͗ . . . ͘ 1 denotes averaging over the diatomic molecule equilibrium probability distribution,
It should be emphasized that Eq. ͑23͒ is exact. Thus our theory reproduces the exact short-time behavior of VACF.
If we define the dynamic friction through Eqs. ͑4͒ and ͑5͒ we see from ͑23͒ that according to our theory,
Again, this is the exact result. It is also possible to obtain from ͑19͒-͑22͒ the tϭ0 value of the second time derivative of the dynamic friction,
͑34͒
As we shall see later, ͑32͒ approximates the actual value of (tϭ0) rather accurately, within 15%. To calculate C v from the evolution Eq. ͑19͒, we use a moment expansion of j that is very similar to the one used by us in Ref. 14. The main difference is that here, unlike in the self-diffusion problem, j depends not only on v and F, but on x as well. Therefore we need to include x, and correspondingly Q v , in the moment expansion,
We would like to remark here that on a more fundamental level, we need to include the term Q v (t) order to treat explicitly the intramolecular dynamics. Had we not done that we would not have obtained the correct structure of the equation of motion for VACF. The ͑time-dependent͒ coefficients Q v , C v , B v , and A v in the above expansion have the following interpretation: apart from the normalization factor, they are the correlation functions between velocity and the quantity multiplying them in ͑35͒, e.g.,
Using ansatz ͑35͒ we can relatively easily obtain a closed system of equations for A v , B v , C v , and Q v ,
with the initial conditions
At tϭ0 the above equations reproduce Eqs. ͑23͒ and ͑32͒. Thus the moment expansion preserves the short-time behavior of VACF. The collision kernels Z 0 , Z 1 , Z 2 , and Z 3 are given by the following formulae:
To calculate the collision kernels one has to solve the two-particle equations of motion, represented by L 2 ͑13͒. In our case, these equations describe the coupled motion of the diatomic molecule and a single liquid particle.
The
t). The transform of VACF is
.
͑46͒
It is easy to see that in the time domain, VACF satisfies the following equation of motion;
where the dynamic friction (t) is the inverse FourierLaplace transform of (),
͑48͒
We have now derived an equation of motion for VACF that has the same form as the one obtained from the GLE. In addition, we have obtained an approximate expression for the dynamic friction. VACF and the dynamic friction in the time domain can now be obtained by applying an inverse Fourier-Laplace transform to ͑46͒ and ͑48͒.
IV. HIGH-FREQUENCY LIMIT
One of the important results obtained in MD simulations of Berne and collaborators 4 is that the dynamic friction kernel (t) has a very weak dependence on the vibrational frequency 0 . This allows us to greatly simplify all the calculations. We can calculate the friction kernel for a rigid bond ( 0 →ϱ) and then use Eq. ͑47͒ to obtain VACF for different values of 0 . To this end we need expressions for the collision kernels Z i for a rigid bond. Formal derivation is given in Appendix B, but the resulting prescription is quite simple, and can be arrived at by a very simple physical reasoning, ͑1͒ In the integrals ͑42͒-͑45͒ the bond length should be set to x 0 . ͑2͒ F should be replaced by F , see Ref. 15 . ͑3͒ Various products involving v(tϭ0) and v(t) should be replaced in the following way:
One can get these results by assuming that in the limit 0 →ϱ, the influence of the solvent on the intramolecular motion can be neglected. Then the bond performs an oscillatory motion, The collision kernels Z 0 , Z 1 , Z 2 , and Z 3 are now given by the following formulas:
where g 2 eq (r 1 ,F) is the joint probability density for a liquid particle to be at r 1 ͑with the center of mass of the diatomic located at the origin͒ and for the solvent force on the bond to be F. Furthermore, in Eqs. ͑51͒-͑54͒,
are parts of B 1 ,
We would like to remark that ͑55͒ has this simple form only if the two atoms of the diatomic molecule have identical masses. If the two atoms are different, then the expression for P is more complicated. In the limit of infinite vibration frequency, the evolution operator L 2 becomes
͑58͒
In order to calculate the collision kernels explicitly, one has to solve the equations of motion given by L ϱ . In our case, they describe the motion of a liquid particle, interacting with a rigid, stationary diatomic molecule. The integrals are evaluated numerically, using the VEGAS algorithm, which performs Monte Carlo integration based on importance sampling. 17 For details of numerical calculations of similar collision kernels see Ref. 14.
To calculate the collision kernels we need the equilibrium distribution g 2 eq (r 1 ,F) that we obtain from the MD simulations. We would like to emphasize that the theory uses as input only equilibrium information.
V. COMPARISON WITH MD
In order to test our theoretical predictions we performed MD simulations of a diatomic molecule dissolved in a liquid of particles interacting via the well-known Lennard-Jones potential ͑see Appendix A for details͒. All our simulations were done with liquid density nϭ1.05, temperature Tϭ2.5, and gas-phase equilibrium bond length x 0 ϭ1.25, the values used by Berne et al. in their pioneering study of dynamic friction. 4 All dimensional quantities in this paper are given in MD units ͑see Appendix A͒.
Figures 2 and 3 present comparisons between dynamic friction obtained in the MD simulations and our theoretical predictions, both in the time and frequency domains. Our theory, by construction, gives the correct tϭ0 value of the friction kernel. In addition, we are also able to achieve a reasonably good overall agreement with the MD results. Let us also note here that the values of the Ϫ (tϭ0)/ given by our theory and by MD simulations are quite close: 1.105 ϫ10 6 and 0.981ϫ10 6 , respectively. We have also performed MD simulations of flexible diatomic molecules with the four values of the bond frequency 0 ϭ20, 30, 60, 90. We monitored various equilibrium correlations from which we obtained the values of , given in Table I . We also monitored VACF. Figure 4 presents a comparison between VACF obtained in MD simulations, and the results of our calculations. Our theory, by construction, gives the correct short-time behavior of VACF. At lower frequencies, the level of agreement between the MD results and our theoretical predictions is comparable to that for the self-diffusion.
14 For higher frequencies, we are able to quantitatively predict both the phase and the envelope of VACF. 
VI. CONCLUSIONS
In the present work the theoretical formalism developed by us earlier to study self-diffusion in liquids 14 is applied to the problem of calculating dynamic friction on a molecular bond. Our theory reproduces exact short-time behavior of dynamic friction and gives qualitatively correct results for all times.
The theory uses as an input only the equilibrium information about the liquid. Thus it fulfills the fundamental goal of nonequilibrium statistical mechanics, that is to describe dynamics using only structural or equilibrium properties.
This fundamental perspective aside, one may ask whether any new insights have been gained from the theory. We feel that the answer to this question is an affirmative one.
First, our theory offers a new paradigm for describing intramolecular dynamics in the liquid state. It combines, in a natural way, the many-body equilibrium structure of the liquid with a two-body dynamics that is the cornerstone of the celebrated independent binary collision ͑IBC͒ theory. For example, the distribution of the solvent force on the bond is an inherently many-body quantity that cannot be obtained from the pair distribution function. On the other hand, according to our theory, the relaxation can be described by considering correlated motions of the solute and a single solvent atom.
However, it needs to be emphasized that during these events the solute feels the force of all the neighboring solvent atoms. This is in contrast to the IBC approach that assumes the existence of independent collisions in the liquid state.
Second, we hope that the present theory may provide an alternative to the MD simulation for determining the Fourier transform of the dynamic friction. The direct simulational determination of Re () for large values of is quite difficult. 18 Since our theory describes accurately the shorttime behavior of the dynamic friction, one would hope that it predicts accurately Re () for large values of . In reality the agreement between the theory and simulations is only semiquantitative ͑see Fig. 3͒ . This fact provides an incentive 
